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06 oflHOH TeopeMe nenpepbiBHOCTH fljia KOHCTpyKTHBHbix 4)yHKLi;HH 

A. A. Bjia^HMHpoB* 

1 

O . B CTaTbe ycTanaBJiMBaeTca (J)aKT jiOKajibHoii paBHOMepHoii nenpepbiBHOCTH Bcro^y onpe^ejienHoro h 

' coxpanaiomero npe^KOMnaKTHOCTb no^MHOJKecTB KOHCTpyKTHBHoro OTo6pa}KeHHfl nojiHoro MeTpH^^ecKoro 

, npocTpancTBa b nojiHoe MeTpH^^ecKoe npocTpancTBO. 9tot pesyjibTaT MOJKeT 6biTb paccMOTpen b Ka^ecTBe 

' KOHCTpyKTHBHoro yTO^HeHHfl HHTyHiiHOHHCTCKOH TGopeMbi Jl. 9. 51. Bpayapa o Beepe. 

O ' § 1 BBe/i,eHHe 



1. OflHHM H3 i];eHTpajit.Hbix nojiojKeHHH HHTyHi];HOHHCTCKOH MaTCMaTHKH HEjiHCTCH TeopeMa Jl. 3. 51. Bpay- 
spa o Beepe (cm., nanpHMep, [HI 3.4.2]), yTBepjKflaiomaii JiOKajibHyio paBHOMepHyio nenpepbiBHOCTb npo- 
H3BOjiBHoro OTo6pajKeHHH nojiHoro MeTpHHecKoro npocTpancTBa b MeTpHnecKoe npocTpaHCTBO. OopMyjiH- 
poBKa 3T0H TeopeMBi onnpaeTCH na ne HMeromee KOHCTpyKTHBHoro HCTOjiKOBanHH noHHTne ceododno cma- 

<^ , HoesiineucM nocAedoeameAbHocmu, npn^eM nonbiTKa ero MexaHHHecKOH saMenbi noHHTHeM KOHCTpyKTHBHOfi 
I nocjieflOBaTejiBHOCTH npHBO^HT k yTBep^K^ennHM, jierKO onpoBepraeMbiM na KOHTpnpHMepax (cm., nanpHMcp 

' [HI KOMMeHTapHH 19]). B CBH3H C 3THM BBICKaSblBajIOCb MHCHHe, HTO flJIH KOHCTpyKTHBHOrO HanpaBJieHHH 

B MaTCMaTHKC TeopcMa o Beepe mg^kct nrpaTb jihihb SBpncTHHecKyK) pojiB (cm., nanpHMcp, [OKMl 28]). 
AHajiGrHHHoft no3Hi];HH npHflepjKHBacTCH niKOjia 3. BHinona, corjiacHO npeflCTaBjiennHM KOTopoii jiOKajiB- 
Haa paBHOMepnaH HenpepbiBHOCTB paccMaTpHsacTCH KaK oflna h3 cocTasHbix nacTef! onpeflejieHHH noHHTHH 
^ ■ HenpepbiBHoro OTo6pajKeHHH (cm., nanpHMcp, |CA1 Ch. 4, Sect. 6]). 

TcM He MCHee, b paMKax KOHCTpyKTHBHoro HanpaBjiennH b MaTCMaTHKC TaKHce OKasbiBacTCH bosmojkhoh 
xapaKTepH3ai];HH Kjiacca jioKajibHO paBHOMepHO HenpepbiBHbix OTo6pajKeHHH nojiHbix mctphhcckhx npo- 
^ ' CTpancTB, He CBHsaHnaa c npeflBapHTejibHbiMH npeflnojiojKeHHHMH o KaKHx-jiH6o KOHTHHyajibHbix CBoficTBax 
TaKHx OTo6pa>KeHHH. A HMeHHO, fljiH jioKajibHoft paBHOMepHoft nenpepbiBHOCTH Bcro^y onpeflejieHHoro koh- 

CTpyKTHBHOrO 0T06pajKeHHH / : X — > y HOJIHOFO MCTpHHeCKOrO HpOCTpanCTBa X B HOJIHOC MCTpHHeCKOe 

HpocTpancTBO Y Heo6xoflHMO h flocTaTOHHO, HTo6bi /-o6pa30M jiio6oro npeflKOMHaKTHoro noflMHOJKecTBa 
TaKHce HBjiHjiocb HCKOTopoe npeflKOMnaKTHoe noflMHoacecTBO. B ycTanoBjienHH SToro (JjaxTa h saKjnonaeTCH 
ocHOBHaH nejib HacTOHmeft ciaibH. 

2. B flajibHeiimeM mh 6yfleM npnflepjKHBaTbCH KOHCTpyKTHBHoro noHHMaHHH MaTCMaTHnecKHx cyjK^eHHH 
(cm., nanpHMcp, [KllMCj ). B nacTHOCTH, yTBepjKfleHHH BH^a 

«fljiH jiio6oro KOHCTpyKTHBHoro o6'beKTa x co cbohctbom V ocymecTBHM KOHCTpyKTHBHbiH 061.- 

CKT y, HaXOflHn],HHCH B OTHOmeHHH TZ K HCXOflHOMy 06'beKTy x» 

6yflyT paccMaTpHBaTbCH naMH KaK coKpamennbie BapnaHTbi sanncH yTBepacfleHHii BH^a 
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«ocyn],ecTBHM ajiropHcJjM 21, npHMenHMbifi k jiio6oMy KOHCTpyKTHBHOMy o6'ieKTy x co cbohctbom 
V H nepepa6aTE.iBaiomHH ero b KOHCTpyKTHBHbift o6'beKT y, HaxoflHmHiicH b OTHomenHH TZ k 
HCxoflHOMy o6'BeKTy x». 

B KanecTBe npHMepa jiorHKO-MaTeMaTHnecKoro asbiKa, ceMaHTHKa KOToporo nocTpoena b cooTBeTCTBHH c 
TaKHMH npHHi];HnaMH, MOJKeT 6bitb yKasan hsbik 5I^| CTyneHnaToii ceMaHTHHecKoft cncTeMti A. A. MapKOBa 
(cm. [OHH] ). 

3. TepMHH «;MHOJKecTBO» Mbi flajiee 6yfleM paccMaTpHBaTt KaK coKpamenHe ^jih TepMHna <o/];HonapaMeT- 
pHHCCKaH (JjopMyjia jiorHKO-MaTeMaTHHecKoro H3BiKa» (cm., nanpHMcp, [KIIMCl § 7], |JIKAl BBeflCHHe, 7]). 
SnaK paBCHCTBa «=», CBHSbiBaiomHH ^Ba MHoacecTBa, mm 6yfleM HCTOjiKOBbiBaTb KaK yKasanne na paBHOo6'B- 

CMHOCTb 3THX MHO^KCCTB. ^JIH SanHCH OTHOmeHHH npHHaflJICJKHOCTH KOHCTpyKTHBHOrO o6'beKTa MHOJKCCTBy 

H OTHomeHHH BjiojKeHHH oflHoro MHOHcecTBa B flpyroe MM 6y/];eM HcnojibsoBaTt CTaH^apTHtie TeopcTHKO- 
MHOJKecTBeHHbie CHMBOJibi «€» H <kC» (cm., HanpHMcp, [JIKAl BBeflCHHe, 7]). 

4. TepMHHbi «BemecTBeHHoe hhcjio» h «MeTpHHecKoe npocTpancTBO mbi flajiee 6yfleM ncnojiBSOBaTb b 

KaneCTBC COKpameHHli ^JIH TepMHHOB «KOHCTpyKTHBHOe BemeCTBCHHOe HHCJIO» H «:KOHCTpyKTHBHOe MCTpH- 

HCCKoe npocTpancTBO c nenycTbiM HOCHTejieM». OnpcflejieHHH sthx noHHTHii MoryT Gbitb HafifleHBi b | JIKAl 

FjI. 2, § 2] H [JIKAl FjI. 9, § 1], COOTBCTCTBeHHO. 

^jiH o6o3HaHeHHH HOCumeAM MCTpHHecKoro npocTpancTBa X mbi 6yp,eM HcnojiBSOBaTB sanncB &x , a flJiH 
o6o3HaHeHHH MempuHecKozo aAzopucfjMa SToro npocTpancTBa — sanncB px- 

TepMHH «npeflejiBHaH TOHKa noflMHOJKecTBa 21 C &x^ mbi 6yfleM CBHSBiBaTB c TOHKaMH x € &x, BnyTpn 
J11060H OKpecTHOCTH KOTopBix KBasHocymccTBHMa HCKOTopaH TOHKa x' G 21 (cm., nanpHMcp, [JIKAl Fji. 9, 
§ 3, OnpeflejiCHHe 4]). CooTBCTCTBeHHO, tcpmhh oaMKHyToe noflMHoacecTBO mbi 6yfleM CBHSBiBaTB c no^- 

MHOJKCCTBaMH, COflCpjKamHMH BCC CBOH npCflejIBHBie TOHKH. 

SnaK paBCHCTBa «=», CBHSBiBaiomiiH ^bc tohkh HCKOToporo MCTpHHecKoro npocTpancTBa, mbi 6yfleM 
HCTOJiKOBBiBaTB KaK yKasaHHC Ha o6pameHHe b nyjiB paccTOsiHHH MejK^y sthmh TOHKaMH. 

5. Mepes M ii M"*" mbi 6yfleM o6o3Ha"qaTB, cooTBCTCTBeHHO, mhohccctbo BcmecTBenHBix hhccji h mhohccctbo 
nojiojKHTCJiBHBix BemecTBcnHBix HHceji. Mepes R mbi 6yfleM o6o3HaHaTB MCTpHHecKoe npocTpancTBO c hoch- 

TCJICM M H 06bIHHBIM MCTpHHCCKHM ajirOpHCjjMOM /5r(x,x') ^ |x — 

6. IIpH ccBijiKax Ha pasflCjiBi CTaTBH, He npHHafljieHcamne naparpacjjy, Bnyipn KOToporo ^aeTCH ccBijiKa, mbi 
6yp,eM flOHOJiHHTejiBHO yKasBiBaTB noMcp naparpacjja. AnajiornHHO, npn ccBijiKax na (JjopMyjiBi, ne npHHa^- 
jiejKamne nyHKTy, BHyipn KOToporo flacTCH ccBijiKa, mbi 6yfleM flOHOjiHHTejiBHO yKasbmaTB HOMcp nynKTa. 

§ 2 IIpocTpaHCTBO HenycTfcix KOMnaKTOB 

1. IlycTB X — HOJiHoe MCTpHHecKoe HpocTpancTBO. ^,Jl^l hpohsbojibhbix flByx nenycTBix chhckob ^ ^ {Cfe}fc=i 
H ry ^ TOHCK npocTpancTBa X mojkct 6bitb KOHCTpyKTiiBHO onpe^ejieHO paccmosmue Xaycdopcfia 

(1) hx{C,r]) ^ sup { sup inf pxiCk,Vi), sup inf pximXk))- 

fcG[l,n] le[l,m] /G[l,m] fce[l,n] 

PesyjiBTaT KoncTpyKTHBHoro nonojiHenHH MHOJKecTBa BceBOSMOJKHBix nenycTBix chhckob tohck npocTpan- 
CTBa X no paccTOHHHK) ([T]) MBI B flajiBHeiinieM 6yfleM nasBmaTB npocmpaHcmeoM uenycmux KOMnanmoe 
npocTpancTBa X h o6o3HaHaTB nepes t{X). TaKon cnoco6 BBeflennH noHHTHH KOMnaKTa b paMKax koh- 
CTpyKTHBHoro MaTCMaTHHecKoro anajiHsa yKasan, b nacTnocTH, b pa6oTe [3QAI 4.5]. L[ejiBio nacT05iu],ero 
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naparpacjja hejihctch onncaHne neKOToptix cbohctb npocTpancTBa c{X), KOToptie 6yflyT HcnojiBSOBanbi na- 
MH npn flOKasaTejiBCTBe ocHOBHoro pesyjiBTaTa CTaTbH. IlpHBOflHMbie b nacTOHmeM naparpacjae yTBepjKflenHH 
He npeTCHflyiOT b nojiHof! Mepe na HOBHsny (b nacTHOCTH, yTBepHCflCHHe 14.11 b necKOjiBKO flpyrnx TepMHHax 
ynoMHHaeTCH yjKe b pa6oTe [KBMl § 11.2]). 

2. PaccMOTpHM ajiropHcJjM cx, conocTaBjiaiomHH npoHSBOjiBHOii nape nenycTBix chhckob ^ {Ck}k=i ^ 
f] ^ {^fcjfcLi TOHCK npocTpancTBa X chhcok 6 ^ {dk}^t,T BHfla 



(1) Ok 



npn k ^ n, 
npH k > n, 



T. e. pesyjiBTaT KOHKaTenai^HH chhckob C h r/. ^jih jiio6bix neTBipex nenycTBix chhckob ^, rj, ^' h ry' tohck 
npocTpancTBa X c OHeBHflHOCTbK) BbinojiHHeTCH cooTHomeHne 

(2) hx{cx{c,v),cx{c',v'))^sMhx{c,c'),hx{v,v'))- mMm] 

Tern caMbiM, ajiropncJjM cx flonycKacT npo^ojiJKeHHe no nenpepbiBHOCTH (cm., nanpHMep, [KBMl § 10.2]) 
KOHCTpyKTHBHOH 6HHapH0H onepai];HH U : c{X) x c{X) (-(X) o6seduHeHUM nenycTbix KOMnaKTOB. Hpn 
3T0M Ha ocHOBe npe^ejibHoro nepexo^a JierKO ycTanaBjiHBaeTCH cnpaBe^jinBOCTb cjieflyromnx yTBepjKflenHH: 

2.1. Onepaii,UM o6neduHeHUM nenycmux KOMnanmoe sieAMemcM coHemameAhHou u nepecmaHoeoHHOu [([l|), 

mm]- 

2.2. Uycmb Ki, K2, K[ u K2 — nemupe moHKU npocmpaHcmea c{X). Tosda eunoAHsiemcH coorrmomeHue 

p,^x){KiUK2,K[uK!,) ^ sup{p,^x){Ki,K[), p,^x)iK2, K!,)) . [(H] 



3. KoMnaKT K € ©c(X) mbi 6yp,eM nasBiBaTB MaoKopupywinuM KOMnaKT K' G Sc{X)) ecjiH BbinojiHaeTCH 
paBCHCTBO K'yjK = K . yTBepjK^eHHe o MajKopnpoBaHHH KOMnaKTa K' KOMnaKTOM K mm 6yfleM coKpamenHO 
sanncBiBaTB b bh^c K' ^ K. 

ToHKy X € &x Mbi 6yfleM nasbiBaTb UHii^udeHmHOU KOMnaKTy K G &c{X)j ecjin oflHOHjienHbiH cnn- 
coK {x} MajKopHpyeTCH KOMnaKTOM K. MnoHcecTBO Bcex ToneK npocTpancTBa X, nni^nflenTHbix KOMnaKTy 
K G Gc{X)5 Mbi 6yfleM o6o3HaHaTb nepes 9Jl(i^). Hpn stom hmciot mccto cjieflyiomne (JjaKTbi: 

3.1. Uycmb K G ^^(x)- Tozda MHOotcecmeo 9JI(K) MSAMemcM saMKHymuM |2.2l [TlffT])]. 

3.2. Uycmb K G &^{^x)! ^ ^ ^(-^); ^ ^ ^ nycmb ( ^ {Ck}k=i ^ Henycmoil cnucoK moucK npo- 
cmpancmea X, ydoeAcmeopsiminuu coomuomcHUK) Pc{x){KiO < Tozda ocyinecmeuM undenc k G [l,n], 
ydoeAemeopMtoinuu coomnomcHUH) px{x,Ck) < ^■ 

^OKasaTCjiBCTBO. IlycTb r] — nenycTofi cnncoK tohck npocTpancTBa X co cbohctbom 

(1) Pc{x){K,r]) <e-p,^x){K,C)- 

Tor^a BbinojiHHKJTCH cooTHomennH 

Pc{X)i{x} U ??, C) ^ Pc{X)i{x} U 7], {x} U K) + p,(x)iK, C) 

<Pc(x)iK,r])+p,^x)iKX) [22] 
< e, [©] 

osnanaiomne ocymecTBHMOCTb BHyipn e-OKpecTHOCTH tohkh x neKOTopon tohkh h3 cnncKa C [2] (III), ID (111)]- D 
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3.3. Uycmb K E ©c(X); ^ ^ , u nycmt> C, ^ {Cfc}fc=i — Henycmou cnucoK moHen npocmpaHcmea X, 
ydoeAemeopMmtnuu coomHomeHuto p^(^x){K^C) < Tosda npu npouaeoAhuo cfiuKcupoeaHHOM k € ocy- 
mecmeuMa moHKa x € '^{K), ydoeAemeopsifO'maM coomHomeHum px{x,C,k) < £• 

^OKasaTejiBCTBO. HycTt {'rii}'^i — cxo^Hmaaca b npocTpancTBe t{X) k KOMnaKTy K nocjieflOBaTejib- 
HOCTb HenycTBix chhckob tohck npocTpancTBa X, o6jiaflaiomaH cbohctbom 

(2) p,(x)(r//,r/i+i) <2-'-\ 
3a(J)HKCHpyeM HOMep m ^ 1, yflOBjieTBopHromnii cooTHomeHHK) 

(3) 2-™+i<e-/5,(x)(i^,C), 

H paccMOTpHM nocjieflOBaTejibHOCTB {x;}^^ TOHCK npocTpancTBa X co cjie/];yion],HMH CBOHCTsaMH: 

3.3.1. ToHKa xi yflOBjieTBopaeT cooTHomeHHio px{xi,C,k) < Pi{x){K,C) + 2""* h npHHafljieacHT cnncKy r^m- 

3.3.2. IlpH J11060M I ^ 1 TOHKa xj+i yflOBjieTBopHCT cooTHomeHHK) px{xuxij^i) < 2"*""' H npHHaflJieJKHT 
cnncKy rjm+i- 

OcymecTBHMOCTB TaKoft nocjieflOBaTejibHOCTH {xi}f^^ rapaHTnpyeTCH ycjiOBHCM ^ h onpe^ejieHHeM [T]([T]). 

^jiH saBepmeHHH ^OKasaTejitCTBa Tenept ocTaeTca saMCTHTt, hto TOHKa x ^ lim xi yflOBjieTBopaeT nepa- 

1^00 

BCHCTBy Px{x,Ck) < £ |3.3.1l [33?2l ^] H paBCHCTBaM 

p,rx){{x}UK,K) = lim p,fx)i{xi+i} U 

Vm+l ) Vm+l ) 

= 0, [3X2l[2](fT]l.m(fT]l] 

osHanaiomHM BbinojiHeHne cooTHomeHna x € OJl(i^). □ 

3.4. Uycmb Ki,K2 € ^ ^ 9Jt(i^i U -ftr2) u e (z M"*". Tozda enympu £-OKpecmHocmu uiohku x ocyme- 
cmeuMa ujiu mouKa x' G uyju moHKa x' € 9Jt(i^2)- 

^OKasaTejibCTBO. IlycTb Qi h (^2 — flBa nenycTbix cnncKa tohck npocTpancTBa X, y^OBjieTBopsiromHe 

COOTHOmeHHK) 

(4) (VA;e{l,2}) <e/2. 
Tor^a BbinojiHHeTCH cooTHomeHne 

p,(x)(i^iUir2,CiUC2) <e/2, IZa©] 

osHanaiomee, hto BnyTpn (e/2)-0KpecTH0CTH tohkh x ocymecTBHMa hjih TOHxa h3 cnncKa Ci, hjih TOHKa h3 
cnncKa C2 |3.2l [2](fT]l]. B nepsoM cjiynae BHyTpn e-OKpecTHOCTH tohkh x ocymecTSHMa TOHKa x' € 971(7^1 ) 
[([4l). I3.3| . Bo BTopoM cjiynae BnyTpn e-OKpecTHOCTH tohkh x ocymecTBHMa TOHKa x' G dR{K2) [([4l). I3.3| . □ 

3.5. Uycmb K,K' £ ®c(x)- Tozda coomHomenuM K' ^ K u dyt{K') C 9Jt(i^) paenocujibuu. 

^OKasaTejibCTBO. B cjiynae K' ^ K cJjaKT BbinojiHeHHH cooTHomeHHH 9n(/C') C 9Jt(-ftr) TpHBHajien 
|2.1| . B cjiynae 97l(-fC') C 9Jl(i^) sacJjHKcnpyeM npoHSBOJibHbie hhcjio e € M"*" h flBa nenycTbix cnncKa C h 

1^' ^ {Cfc}A?=i TOHCK npOCTpanCTBa X co CBOHCTSaMH 

(5) p,^x)iK,C)<e, 

(6) p,(x)(i^',0<e- 
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Tor^a ocymecTBHM chhcok {x'/^y^^^ tohck MHOHcecTsa DJt{K') co cbohctbom 

(7) (vA;E[i,n]) px{xiQ<^- m,m 

Ilpn 3T0M fljiH jiio6oro G [1)''^] 6yfleT BBinojinHTtCH cooTHomeHHe G 9Jl(i^), a noTOMy h cooTHomeHHH 
Pc(X)(K} U C, C) ^ Pc{X){{x'k} U C, {4} U i^) + Pc(X)(i^, C) 

^2p,(x)(K,C) [22] 

< 2e. [©I 

nocjieflHHe oi^chkh c cooTHomeHHHMH (I?!, [2]([T]) h[T]([T]), ycTanaBjiMBaeM, hto npn nponsBOJiBHO 

(JjHKCHpOBaHHOM k G [1,?^] BHyTpH 3e-0KpeCTH0CTH TOHKH C,'j^ OCymeCTBHMa TOHKa H3 CnnCKa C- B TaKOM 

cjiynae BbinojinaeTCH cooTHomeHHe 

(8) Pc(x)(C'uC,C) <3e, [adil),!!]©] 

a noTOMy h cooTHomeHHH 

p,^X) {K' UK,K)^ p,^x) {K' U if, C' U C) + Pc{X) (C U C, C) + Pc{X) (C, i^) 

< Pc{x) {K', CO + 2pc(x) (i^, c) + 3e iza ji] 

BBHfly npoHSBOJiBHOCTH npoHSBefleHHoro panee BBi6opa HHCJia e € M^, nojiyHenHBie oi];eHKH osHanaroT bbi- 
nojiHCHHe cooTHomeHHH K' ^ K. □ 

3.6. Uycmb K G ®c{x); 2; G Sx u e G M+. Tosda ujiu MHOcucecmeo Tl{K) ne nepeceKaemcM c e- 
OKpecmHocmbH) moHKU x, ujiu ocymecmeuM nenycmou KOMuaKm K' ^ K , djisi Komoposo MHOCHcecmeo 
9}1{K') nejiHemcH nodMHOotcecmeoM 2e-OKpecmHocmu mouKU x u HadMHOofcecmeoM nepeceneHUH MHoatce- 
cmea Tl{K) c e-OKpecmHocmbw moHKU x. 

^OKasaTejiBCTBO. IlycTB {Cfcl^Li — cxo^HmasiCH b npocTpancTBe t{X) k KOMnaKTy K nocjie^OBaTejiB- 
HOCTB HenycTBix cnncKOB tohck npocTpancTBa X, o6jiaflaion],aH cbohctbom 

(9) (vfc^i) p,(x)(a,a+i) <2-"-2^. 

SaMCTHM, HTO HJIH HH OflHa TOHKa H3 CHHCKa ^1 HG JICJKHT B (5e/4)-OKpeCTHOCTH TOHKH X, HJIH XOTH 6bl OflHa 

H3 TOHCK SToro CHHCKa jicjKHT B (3e/2)-OKpecTHOCTH yKasaHHoft TOHKH (cM., HanpHMcp, |JIKAl Fji. 2, § 3, 
TeopcMa 20]). B nepBOM cjiynae mhojkcctbo 5Jl(if) ne nepeccKaeTca c e-OKpecTHOCTBio tohkh x [(|9]1. I3.2| . 
Bo BTopoM cjiynae paccMOTpnM nocjieflOBaTCJiBHOCTB {C^}^]^ nenycTBix chhckob tohck npocTpancTBa X 

CO CJieflyiOmHMH CBOflCTBaMH: 

3.6.1. IlpH JI1060M 1 cnncoK HBjiaeTCH noflcnncKOM cnncKa Cfc- 

3.6.2. IlpH J11060M k ^ 1 jiio6aH TOHKa cnncKa Cfcj JiCHcamaa b (1 + 2^^^^)e-0KpecTH0CTH tohkh x, npn- 
HafljiejKHT cnncKy Cfcj a jiio6aH TOHKa cnncKa C^, ne jiCHcamaa b (2 — 2^'^^^)e-0KpecTH0CTH tohkh x, hc 
npHHaflJiejKHT cnncKy C^. 

3.6.3. IlpH jiK)6oM k^l BfcinojiHHeTCH cooTHomeHne Pc(X)(Cfc5 C^+i) < 2~^~'^e. 

OcymecTBHMOCTB TaKOH nocjieflOBaTCJiBHOCTH {C^}^]^ rapaHTHpycTCH BBimeynoMHHyToft TeopcMoft |J1KAI 
Fji. 2, § 3, Teopena 20], cooTHomeHHCM ([9]) h onpe^ejieHHeM [T]([T]). IlpoBcpHM, hto nenycTofi KOMnaKT 
K' ^ lim Cfc o6jiaflaeT bccmh Tpe6yeMbiMH ot hckomofo KOMnaKTa CBoncTBaMH. 

fc— >oo 
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Bo-nepBbix, BbinojiHHiOTCH paseHCTsa 

P,^X){K'UK,K) = lim Pc(X)(CfcUa,a) 

k — s-oo 

= 0, [3xn [2](fT]i.m(m] 

a noTOMy h cooTHomeHne K' ^ K . 

Bo-BTOpblX, BHyTpH (e/4)-0KpeCTH0CTH npOHSBOJIbHO (JjHKCHpOBaHHOH TOHKH x' E OCymCCTBHMa 

TOHKa x" H3 cnncKa |3.6.3l 13. 2j . IlpH stom BbinojiHHiOTCH cooTHomeHHH 

pxix,x') ^ px{x,x") + px{x" ,x) 

<7e/4 + e/4 [3X11 [3X2] 

= 2e, 

osHanaiomHe, hto MHoacecTBO HBjiaeTCH noflMHoacecTBOM 2e-0KpecTH0CTH tohkh x. 

B-TpeTbHx, 3acJ)HKCHpyeM npoHSBOJibnyio TOHKy x' G 9JI(X), jiejKamyro BHyTpn e-OKpecTHOCTH tohkh 

X. IlpH JII060M k ^ 1 BHyTpH (2~'^~^e)-0KpeCTH0CTH TOHKH x' OCymeCTBHMa TOHKa H3 CHHCKa (k [(j9]l. 13. 2j . 

npHHafljiejKamaH TaKJKe cnncKy (^^ [3.6.2| . Tor^a npn jik)6om /c ^ 1 BnyTpn (2~'^e)-0KpecTH0CTH tohkh 
x' ocymecTBHMa TOHKa x" € dJt{K') [3.6.31 [313] . hto c OHeBH^HOCTbio osnanaeT BbraojineHHe cooTHomenHH 
x' G [3.1| . TeM caMbiM, MHoacecTBO 971(1^') HsjiHeTCH naflMHOJKecTBOM nepecenenHH MHOJKecTBa dJl^K) 

C e-OKpeCTHOCTblO TOHKH X. □ 

4. HMeeT mccto cjieflyromnii cJjaKT: 

4.1. Uycmb K G c(R). Tozda ocymecmeuMU eeuj,ecmeeHHue Hucjia sup9Jt(i^) u inf 

^OKasaTejibCTBO. IlycTb {Cfcl^Li — cxo^HmasiCH b npocTpancTBe c(R) k KOMnaKTy K nocjie^OBaTejib- 
HOCTb nenycTbix chhckob BemecTBennbix hhccji, o6jiaflaion],aH cbohctbom 



(1) (vfc^i) Pc(R)(Cfc,a+i) <2 



PaccMOTpHM flBe HHCJiOBbie nocjieflOBaTejibHOCTH {Cfe'l^Li h {Cfc Ifc^iJ cooTBeTCTBenno, BepxHHx h hhjkhhx 
TOHHbix rpaneii chhckob C,k- 3th HOCjieflOBaTCjibHOCTH yflOBjieTBopaiOT cooTHomeHHHM 

a noTOMy cxo^htch k ncKOTopbiM BemecTBennbiM HHCJiaM C,^. ^ajiee, npn jik)6om /c ^ 1 BnyTpn 2~^- 

OKpeCTHOCTH KaJKflOH H3 TOHCK C,^ OCymCCTBHMa TOHKa H3 MHOiKCCTBa '*XR.{K) [([T]), 13. 3| . a nOTOMy KaJKflaH 
H3 TOHCK HpHHaflJiejKHT MHOHCCCTBy [3.1] . HaKOHeu;, JH06aH TOHKa X G 9Jl(X) yflOBJieTBOpHCT 

COOTHOmeHHK) 

(Vfc^l) xG(Cfc--2-^Cfc+ + 2-'=), [((Il),[32] 
H3 KOToporo npe^ejibRbiM nepexoflOM BbiBOflHTCH cooTHomenHe x G [C iC^]- Tcm caMbiM, BbinojinsiroTCii 

paBCHCTBa 

C+ = sup9Ji(E:), 

C~ = iniTl{K), 

03HaHaion],He CHpaBe^jinBOCTb /];oKa3biBaeMoro yTBepjKflenHH. □ 

5. ^ajiee mbi ne 6yfleM hbhbim o6pa30M npocjiejKHBaTb HaH6ojiee OHeBH^nbie cjiynan npHMenenHH yTBcp- 
jKfleHHH H3 HacTOHmero naparpacjja. 
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3 BcnoMoraTejibHfcie yTBep:acfleHHa 



1. B flajibHeftmeM no^MHOJKecTBO 2t C 6^ hochtcjih nojiHoro MCTpHHecKoro npocTpancTBa X mbi 6yfleM 
HasbiBaTb npedKOMnaKmnuM, ecjiH ocymecTBHM nenycTOH KOMnaKT K G ©c(X)) KOToporo mhohccctbo 

dyt{K) HBJIHeTCH SaMtlKaHHCM MHOJKeCTBa 21. 

2. IlycTb / : X — > y ecTb Bcro^y onpe^ejieHHoe KOHCTpyKTHBHoe OTo6pajKeHHe nojiHoro MCTpHHecKoro 
npocTpancTBa X b nojiHoe MCTpHHecKoe npocTpancTBO Y. IlycTb Taxace ^jih jiio6oro npeflKOMnaKTHoro 
noflMHO>KecTBa 21 C Gx ero /-o6pa3 

{y e Sy I (3x G 21) y = f{x)} 

TaKJKe npeflKOMnaKTCH. Tor^a JiK)6oMy nenycTOMy KOMnaKTy K E ®c(X) mo^kct 6e.ite. conocTaBjien nenycToft 
KOMnaKT Ilf{K) E 6c(y)) A-'^^ KOToporo MHoacecTBO dyi{Ilf{K)) HBjiaeTCH saMbiKanneM /-o6pa3a MHoacecTBa 

dyt{K). IlpH 3T0M flJIH JIK)6bIX flByX KOMnaKTOB K,K' € H3 paBCHCTBa X = K' C OHeBHflHOCTbK) 

BbiTeKaeT paBencTBO Ilf{K) = Ilf{K') |§ 2|3.5| . Hnane roBopa, c jiio6biM Bcmpy onpeflejienHbiM KoncTpyK- 
THBHbiM OTo6pajKeHHeM f : X ^ Y nojiHbix MCTpHnecKHx npocTpancTB, coxpanHromnM npeflKOMnaKTHOCTb 
noflMHOHcecTB, CBHsano Bcro^y onpe^ejieHHoe KoncTpyKTHBHoe OTo6pajKeHHe Hf : c{X) — > c{Y). 

3. Hmcct MecTO cjieflyromnii TpHBHajibHbiii cJjaKT: 

3.1. Uycmb / : X — > Y — ecwdy onpedejieuHoe KOHcmpynmueHoe omo6pacHceHue nojmozo MempuuecKozo 
npocmpaHcmea X e nojiHoe MempunecKoe npocmpaHcmeo Y, K G ®c(X); ^ ^ ? u y E &y — npedejibnan 
moHKa f-o6pa3a MHOcucecmea Tl{K). Tosda ocyui,ecnieuMa moHKa x € Tl{K) co ceoucmeoM py (/(x), y) < e. 

^OKasaTCJibCTBO. MHOJKecTBO dJl{K) HBjiHCTCH cenapa6ejibHbiM, t. e. ocymecTBHMa njioTnasi b dJl^K) no 
MCTpHKe npocTpancTBa X nocjieflosaTejibnocTb {xk}'^i tohck SToro MnoHcecTsa |§ 2|3.21 1§ 2|3.3| . Tor^a h3 
TeopeMbi r. C. L[eHTHna o nenpepbisnocTn KoncTpyKTHBnbix OTo6pajKenHH (cm., nanpnMcp, jJIKAl Fji. 9, § 2, 
TeopeMa 11], |AOl OcnoBnaH TeopeMa]) cjie^yeT, hto KBasnocymecTBnM nn^eKC k ^ 1, y^OBjieTBopHromnn 
cooTnomennio PY{f{xk),y) < £• Hs npHnn;Hna KoncTpyKTHBnoro nofl6opa Tenepb ncMCfljienno BbiTCKaeT, 
HTO TaKoft nnfleKC k ^ 1 HBjiHeTCH ocymecTBHMbiM. ITocjieflnee c oneBn^nocTbH) osnanacT cnpaBe^jinBOCTb 
flOKasbiBacMoro yTBepjKflennH. □ 



4. IlycTb X — nojiHoe MeTpnnecKoe npocTpancTBO, f : X —> R — BCiOfly onpeflejiennaH KoncTpyKTHBHaa 
4)ynKn;HH, coxpanHiomaa npe^KOMnaKinocTb no^MnoHcecTB, n nycTb K € &c(x)- Tor^a nape nponsBOjibno 
(J)HKCHpoBaHHbix HHCCJi 77, G Z H £ € M"*" Mbi conocTaBjiHCM Kjiacc ^^s{f ^ K) C cjieflyiomero Bn^a: 

4.1. KoMnaKm K' E ®c(X) CHumaemcn npunadAeofcainuM KJiaccy ^^sif^K), ecAU eunoAHenu CAedyminue 
ycAoeuM: 

4.1.1. K' < K. 

4.1.2. /Jam ak)6ux deyx moueK x,x' G 9K(-fC) co ceoucmeaMU px{x,x') < u \f{x) — f{x')\ > 2e 
eunoAHMemcM coomHomenue x G Tl{K'). 

4.1.3. /I^AM Awdoil moHKU x G Tl{K') ocytu,ecmeuMa moHKa x' G dJl{K) co ceoucmeaMU px{x,x') < 2""'+^ 
u f{x') < supm{nf{K)) -e. 

Hmcct MecTO cjieflyromnn (JjaKT: 

4.2. Uycmb n G e G u K' £ ^n,e{f^K). Tozda ocymecmeuM KOMnanm K" G Rn+i,e{f^K) co 
ceoucmeoM p^(^x){K' -.K") < 2""+^. 
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^OKasaTejibCTBO. HycTt C ^ {Cfcl^Li — nenycTofi cnncoK tohck npocTpancTBa X co cbohctbom 

(1) p,(x)(i^,C)<2-"-^ 

SacJjHKcnpyeM Ha6op HH^eKCOB F C [l,m], ^jih KOToporo npn jiio6om k G [l,m] \r MHOJKecTBO ne 
nepeceKaeTCH c 2~"-OKpecTHOCTbio tohkh Cfc, a npn jiio6om /c G F ocymecTBHM nenycTOH KOMnaKT K'^ ^ K' , 

flJIH KOTOpOrO MHOJKeCTBO 9Jt(-fC^) HBJIHeTCH nOflMHOJKeCTBOM 2~""^^-0KpeCTH0CTH TOHKH Cfc H HaflMHOJKeCTBOM 

nepeceHeHHH 2~"-0KpecTH0CTH tohkh C,^ c MHOJKecTBOM |§ 2|3.6| . Hpn stom BbinojiHsiroTCH paBCHCTBO 

K' = Ufcer ^fc [4Xn |§ 2|.S.5[ ([I|)] h cooTHomeHne 

(2) (VfeGF) 9Jt(n/(iv:0) c aK(n^ W). [m] 

SacJjHKCHpyeM TaKJKe Ha6op HHfleKCOB F' C F, yflOBjieTBopHromnii cooTHomeHHHM 

(3) (VA: G F') sup9Jt(n/(i^^)) - inf 9Jt(n/(ir^)) > e, 

(4) (VA: G F \ F') svivTl{Iif{K'^)) - inim{Iif{K'^)) < 2e. 

OcymecTBHMOCTB TaKoro Ha6opa F' rapaHTnpyeTCH TeopeMoii [JIKAl Fji. 2, § 3, TeopeMa 20]. ConocTaBHM 
Tenept KajK^OMy SHaneHHio G F KOMnaKT K'^^ BH^a 



(5) K, 



K npn G F', 



\{xk} npHfcGF\F', 
r^e Xk — npoHSBOjiBHO (^HKcnpoBaHHaa TOHKa co CBoficTBaMH 

(6) Xk G m{K), 

(7) f{xk)<snvTl{Iif{K))-e, 

(8) (3x' G m{K'k)) px{xk,x) < 2-"+^ 

OcymecTBHMOCTB TaKofi TOHKH rapaHTHpycTCH ycjiOBHCM 14.1.31 HpoBepHM, HTO KOMnaKT K" ^ Ufcer 
o6jiaflaeT bccmh Tpe6yeMbiMH ot hckomofo KOMnaKTa csoncTBaMH. 
BbinojineHHe cooTHomenHH K" ^ K ohcbhaho [jS]), 

HycTb flse tohkh x,x' G ^)Jl{K) y^OBjieTBopaiOT cooTHomennHM px{x,x') < 2~"'~^ h — > 2e. 

Tor^a BbinojiHHiOTCH cooTHomenHH x,x' G ^{K') [4.1.2| . a TaKHce ocymecTBHM HH^eKC k G ^jih 

KOTOpOrO 2~"-0KpeCTH0CTb TOHKH Cfc COflepjKHT KaJKflyK) H3 TOHCK X R x' [([l])]. B TaKOM CJiyHaC BbinOJIHHIOTCH 

cooTHomeHHH x,x' G h /c G F' a noTOMy h cooTHomeHne x G 97t(-R'") [([5])]. 



^ajiee, paccMOTpHM npoHSBOjibnyio TOHKy x G dJl{K"). Corjiacno yTBepHCflCHHio |§ 2|3.4l ocymecTBHM 
HHfleKC A: G F, ^jih KOToporo BHyTpn 2~'^-0KpecTH0CTH tohkh x ocymecTBHMa TOHKa x" G 9}T(i^^'). Hpn stom 
BbinojiHHeTCH oflHO H3 cooTHomeHHH /c G F' HjiH F'. B nepBOM cjiynae, no nocTpoennio KOMnaKTa iC^, b 
2~"~''^-0KpecTH0CTH TOHKH x" ocyn],ecTBHMa TOHKa x' G dJl{K) CO cbohctbom 

fix') <snpm(Uf{K))-e. [©, ©, (H, EI] 

Bo BTopoM cjiynae ocymecTBHMa TOHKa x' ^ x" G 97t(-R') c tcm jkc cbohctbom [((5|), d?!)]. B o6ohx cjiynaax 
nocTpoennaa TonKa x' G 97l(-fC) jichcht b 2~""'"^-OKpecTnocTH tohkh x. 
HaKonen;, no nocTpoennro KOMnaKTOB K'j^, hmcct mccto cooTHomenne 

(9) (VA;GF) p,^x){K,{Ck})<2-^+', 
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a noTOMy h cooTHomeHHH 

fcer 

< sup {pc{X){KdCk})+Px{Ck,Xk)) [©] 

fcGr\r' 

TeM caMbiM, flOKasbisaeMoe yTBepjK^eHHe cnpasefljiHBO. □ 
5. Hmbiot MecTO cjie^yiomHe ^Ba cJjaKTa: 

5.1. Uycmb X — no/moe MempunecKoe npocmpaHcmeo, / : X — > R — ecwdy onpedejieuHasi KOHcmpyKmuenan 
(fjyHKi^uM, coxpaHH'wiJuan npedKOMnaKmuocmb nodMHOCHcecme, K € &<:{x) u e M"*". Tozda ocyinecmeuMO 
HUCAO 6 G M"'' CO ceoucmeoM 

(1) {yx,x'em{K)) {{f{x)>snpm{Uf{K))-e/2)k{px{x,x')<6)) D {\f{x)-f{x')\^2e). 



^OKasaTejibCTBO. CorjiacHO TeopeMe |JIKAl Fji. 2, § 3, TeopeMa 20], BbinojiHHeTCH xoth 6bi oflHO hs 

HepaBCHCTB 

(2) svLpm{nf{K)) - ini m{Uf{K)) < 2e, 

(3) supm{nf{K)) - mim{Uf{K)) > e. 

B cjiynae, Kor^a BbinojiHsieTCH HepaBencTBO jiio6oe hhcjio 5 € M"^ c OHeBH^HOCTbio o6jiaflaeT cbohctbom 
©■ 

B cjiynae, Kor^a BbinojiHaeTCH HepaBencTBO ([3]), sacJjHKcnpyeM npoHSBOjibHbie TOHKy z G Sx h hhcjio 

m € Z CO CBOHCTBOM 

(4) p,(x)(i^,{z})<2— +3. 

IlpH 3T0M 6yfleT BbinOJIHHTbCH COOTHOmeHHC 

{yx,x'em{K)) pxix,x') <2-'^+\ [©,[1132] 



a noTOMy h cooTHomeHne K £ ^m,e{f\K) [4.11 |§ 2|3.5l ([3|), 13. 1| . Tor^a h3 yTsepHCfleHHH 14.21 BbiTCKaeT 

OCymeCTBHMOCTb nOCJieflOBaTCJIbHOCTH {-f^fcj^x HCnyCTblX KOMnaKTOB CO CBOftCTBaMH 



(5) (Vfc^i) i^fc eil,„+fc_i,,(/,K), 

(6) (Vfc^l) p,(x)(i^fc,i^fc+i)<2— ^-+6. 

TaKaa nocjieflosaTejibHOCTb c OHesHflHOCTbio hmcct b npocTpancTBC c{X) npe^eji K' co cbohctbom 

(7) (Vfc^l) p,^x){Kk,K')<2-"'-'+-'. [©] 
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KpoMe Toro, h3 cooTHomeHHH ^ h ycjiOBHa 14.1.31 BbiTeKaeT ocymecTSHMOCTt nocjieflOBaTejibHOCTH {Cfejfc^i 

CnnCKOB TOHCK MHOJKeCTBa ^)Jl{K) CO CBOiiCTBaMH 

(8) (Vfc^l) p,^x)(.Kk,Ck)<2-'^-'+', 

(9) (VA: ^ 1) m{Uf{Ck)) ^ (-00, snpm{nf{K)) - e). 

IlpHMeHHH Tenepb k OTo6pajKeHHio IIj : c{X) — > c(R) TeopeMy T. C. L[eHTHHa o nenpeptiBHOCTH (cm., 
HanpHMcp, |JIKAl Tji. 9, § 2, TeopcMa 11], |AQl OcHOBnaH TeopcMa]), y6ejKflaeMCH b ocymecTBHMOCTH nncjia 
n ^ 1, yflOBjiCTBopHiomero cooTHomeHHio 

(10) (VK" G 6,(x)) {p.^x){K",K') < 2—- +8) 3 (p^(j,)(n^(K"),n;(i^O) < e/4). 

Torfla flOJIJKHO BbinOJIHHTbCH HepaBCHCTBO 

(11) p,(R)(n/(ir„),n/(Cn)) < e/2, [©, in, dlo])] 

a noTOMy h cooTHomeHne 



(12) Tl{nf{Kn)) ^{-oo,supTliUf{K))-e/2). [&, 

Tor^a fljiH jiio6bix flByx tohck x,x' £ 9Jl(i^) co CBOHCTsaMH f{x) > supTl(n.f{K)) — e/2 h 
px{x,x') < 2"™""+^ saBCflOMO BbinojiHaeTCH HepaBCHCTBO 

\fix)-f{x')\^2e. [m,m,Km 

Tern caMbiM, hhcjio 6 ^ 2~™~"+^ o6jiaflaeT cbohctbom ([T]). □ 

5.2. Uycmb X — noAHoe MempunecKoe npocmpaHcmeo, f : X ^ H — ectody onpedejieuHaii KOHcmpyKmueHan 
^yHKii,UM, coxpaHMTOtnaM npedKOMnaKniHocmb nodMHOCHcecme, K G ®c(x) w e € M"^. Tozda ocytu,ecmeuMO 
Hucjio 5 € M^" CO ceoucmeoM 

(13) (Vx,x'€im(ir)) (/>x(x,x') <<^) D (|/(x)-/(x')Ke). 



^OKasaTCJibCTBO. SacJjHKCHpyeM npocTpancTBO X, cJjyHKi^Hio / : X — > R h hhcjio e G M"*", nocjie nero 
paccMOTpHM cjie^yiomee BcnoMoraTCjibHoe ycjiOBHC y, najiaraeMoe na naTypajibHoe hhcjio n: «KaKOB 6bi hh 
6biji KOMnaKT K £ &c{X)j yflOBjieTBopHromnii cooTHomeHHio 

n + 1 

(14) snpTl{Uf{K))-mfm{Uf{K))<^e, 

ocymecTBHMO HHCJio 6 £ CO CBOHCTBOM ([T3j)3>. J^Jia flOKasaTCJibCTBa yTBepjKfleHHH [52] flocTaTOHHO ycTa- 
HOBHTb, HTO jiio6oe HaTypajibHOC hhcjio n y^OBjieTBopaeT ycjiOBHio y. IlocjieflHee 6yfleT cflcjiano naMH na 

OCHOBC apncJjMeTHHeCKOil HH^yKI^HH. 

IlycTb HHCjio n yflOBjieTBopHCT paBCHCTBy re =°= 0. B TaKOM cjiynae ^jih npoHSBOjibHO (JjHKCHposaHHO- 
ro KOMnaKTa K € ©c(X): yflOBjiCTBopHiomero cooTHomeHHio (|14p . jiio6oe hhcjio 6 G M"*" c ohcbhahoctbio 
o6jiaflaeT cbohctbom (I13p . 

IlycTb HHCJio re flOHycKacT npeflCTaBjiCHHe b bh^c n ^ re'+l, r^e re' € N y^OBjieTBopHCT ycjiOBHK) 3^. Tor^a, 
corjiacHO vTBepacaeHHio ISTTl ^jih nponsBOjibHO cJjHKCHpoBaHHoro KOMnaKTa K € ©c(x)) yflOBjieTBopaiomero 

COOTHOmeHHK) (|14|) . OCymeCTBHMO HHCJIO X G M"*" CO CBOHCTBaMH 

(15) (Vx, x' G 9Jt(K)) ((/(x) > sup m{Uf{K)) - e/8) & {px{x, x') < x)) D (|/(x) - /(x')| ^ e/2) , 

(16) (Vx,x' G 9Jt(K)) {{fix) > snpm{Uf{K))-e/60) & (px(x,x') < x)) D (|/(x) - /(x')| ^ e/15). 



10 



SacJjHKCHpyeM Tenept chhcok C ^ {CfcjfcLi tohck MHoacecTBa co cbohctbom 

(17) p,(^)(K,C)<x/4. 



CorjiacHO yTBepjKfleHHK) |§ 2|3.6l KajKflOMy HH^eKcy k G [Ij'ti] mojkho conocTaBHTb nenycToii KOMnaKT 

Kk ^ K, flJIH KOTOpOrO MHOHCeCTBO dyi{Kk) HBJiaeTCH nOflMHOHCeCTBOM X-OKpeCTHOCTH TOHKH Cfc H Hafl- 
MHOJKeCTBOM nepeCeHCHHil MHO>KeCTBa VJl{K) C (x/2)-0KpeCTH0CTBK) TOHKH (^fc. IlpH 3T0M C OHeBHflHOCTBK) 
BBinOJIHHeTCH COOTHOmeHHe 

(18) (VA; G [l,m]) m{Uf{Kk)) Q Tt{Uf{K)). 

flajiee, sacJjHKcnpyeM ^Ba Ha6opa HHfleKCOB T C [1,?ti] h F' ^ [l,?7i] \ T, yflOBjieTBopsiioii],He cooTHome- 

HHHM 

(19) (VA: G r) fiCk) < snpm{Uf{K)) - e/12, 

(20) (VA: G r') fiCk) > snpTl{Uf{K)) - e/8. 

OcymecTBHMOCTB TaKHx Ha6opoB rapaHTHpyeTCH TeopeMoii |JIKAl Fji. 2, § 3, TeopeMa 20]. Hpn stom, no 
nocTpoeHHK) KOMnaKTOB -fCfc, BbinojiHHeTCH COOTHOmeHHe 

(21) (VA; G r) (Vx G aJt(i^fc)) /(x) ^ supdRiUf{K)) - e/60, [(di, (di] 
a noTOMy h cooTHomeHne 

n' + 1 

(VA: G r) sup93l(n/(i^fc)) -mf9Jt(n/(Kfc)) < -^e- [dZB, (USD, dH] 

Tor^a, corjiacHO HH^yKTHBHOMy Hpe^HOjiOHceHHio, ocymecTBHMO hhcjio 6' G M"^ co cbohctbom 

(22) (VA:Gr)(Vx,x'G9Jt(K,,)) (/9x(2;,x') < 5') =^ (i/(^) " /(^')K 

KpoMC Toro, no nocTpoennio KOMnaKTOB K^, npn jno6oM A: G T' ^jih jiio6bix flsyx tohck x,x' G OJt(-R'fc) 

BbinOJIHHIOTCa COOTHOmeHHH 

\fix) - fix')\ ^ \f{x) - fiCk)\ + \fiCk) - f{x')\ 

<e/2 + e/2 [jlQl), ([II])] 

= e. 

TCM CaMBIM, BBIHOJIHHeTCH COOTHOmeHHC 

(23) (VA:Gr')(Vx,x'G97l(Kfc)) |/(x) - /(x')| ^ e. 

IlojiojKHM TcnepB 6 ^ inf{5', x/4) h saMCTHM, hto ^jih jiio6bix flByx tohck x,x' G dyt{K) co cbohctbom 
px{x,x') < 6 ocymecTBHM nn^eKC k G [l,?ra], ^jih KOToporo (x/2)-0KpecTH0CTb tohkh coflepjKHT Ka>Kflyio 

H3 TOHCK X H x' [ (|17P ]. TOTfla, HO HOCTpOCHHIO KOMnaKTOB i^fc, BblHOJIHHIOTCH COOTHOHieHHH X, x' G 9JI(i^fc). 

Ilpn 3T0M B KajKflOM H3 cjiynacB A: G T h A: G T' cnpaBCfljinBa on;eHKa 

|/(x)-/(x')| ^e. [(m, ([23])] 

TcM caMbiM, HHCJio 5 o6jiafl,aeT cbohctbom p3|) . □ 
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§ 4 OcHOBHoii pesyjibxaT 

1. Tenept Mbi ccJjopMyjinpyeM h flOKajKCM ochobhoh pesyjitTaT HacTOHmeii CTaTbH. 

1.1. Uycmb X u Y — dea nojiHux MempunecKux npocmpaHcmea, a f : X ^ Y — ecwdy onpedejiemoe 
KOHcmpyKmueHoe omo6pacnceHue. Tozda cf)yHKii,UM f siejisiemcsi JionajibHO paenoMepHO Henpepueuou e moM 
u mojibKO moM cjiynae, Kozda ona coxpaHHem npedKOMnaKmuocmb nodMHOofcecme. 

^OKasaTejitCTBO. IlycTb 4)yHKi];HH f : X ^Y hejihctch jiOKajibHO paBHOMepno HenpepbiBHofi. 3a4)HK- 
cnpyeM npoHSBOjibHbie KOMnaKT K S ®c(x) ^ npeflKOMnaKTHoe MHoacecTBO 21 C 6x c saMbiKaHneM 9Jl(-fC). 
3acJ)HKCHpyeM TaKJKe npoHSBOJibHyro cxoflHmyiocH b npocTpancTBe c{X) k KOMnaxTy K nocjieflOBaTejiBHOCTb 

{Cfc}fcLl CnHCKOB TOHCK MHOHCeCTBa dyi{K) , H yCJIOBHMCH o6o3HaHaTb HepeS CnnCKH /-06pa30B TOHCK H3 

cnncKOB (^k. BBHfly paBHOMepHoii nenpepbiBHOCTH (JjyHKi^HH / na MHOJKecTBe dJl{K), nocjie^OBaTejibHOCTb 

{CfclfcLl HBJiaeTCH (JjyHflaMeHTajIbHOH OTHOCHTejIbHO MCTpHKH npOCTpanCTBa C{Y) H CXOflHTCH K HCKOTOpOMy 

KOMnaKTy K' € ©^(y). IlpH stom, TaKJKe b CHjiy paBHOMepHoft nenpepbiBHOCTH cJjyHKi^HH / na MHOJKecTBe 
dyt{K), fljiH jiio6bix TOHKH X G 21 H HHCjia e G M.~^ ocymecTSHMa TOHKa y G dJl{K') co cbohctbom 



PY{f{x),y) <e, [p|33] 

a flJiH JiK)6bix TOHKH y G £DT(i^') h nncjia e G M"^ KBasHOcymecTBHMa TOHKa a; G 21 c tbm jkc cbohctbom 
|§ 2|3.2|. TaKHM o6pa30M, mhojkcctbo W{K') npeflCTaBjiacT co6oh saMbiKanne /-o6pa3a MHoacecTBa 21. BsHfly 



npoHSBOJibHOCTH Bbi6opa KOMnaKTa K G ^c{x) h MHOJKCCTBa 21 C &x c saMbiKaHHCM CKasannoe 
osHanacT coxpaneHne (JjyHKi^Hefi / npe^KOMnaKTHOCTH noflMHoacecTB. 

IlycTb Tcnepb (JjyHKi^Hsi f : X ^ Y coxpanHCT npe^KOMnaKTHOCTb noflMHOJKCCTB. SacJjHKcnpyeM npons- 
BOjibHbiM o6pa30M KOMnaKT K G ©c(X)) "^HCjio e G M"*" h nenycTOH chhcok ( ^ {Ck}k=i tohck npocTpancTBa 

Y CO CBOHCTBOM 

(1) p,^Y){Ilf{K),C)<e/3. 

PaCCMOTpHM TaKHCe Ha6op {<fk}k=l (JjyHKI^HH : y ^ R BHfla 

(2) (VA: G [1, n]) (Vy G Sy) = py (y, G). 

Ka>K/];aH H3 (JjyHKI^Hlt ip^ C OHCBH^HOCTbH) HBJIHCTCH paBHOMCpHO HCHpepblBHOH, a HOTOMy COXpaHHCT HpCfl- 

KOMnaKTHOCTb noflMHOJKCCTB. Tor^a KajK^aa h3 cJjyHKi^HH (/J^ o / : X — > R TaKHce coxpanaeT npe^KOMnaKT- 



HOCTb HOflMHOJKCCTB, a HOTOMy, COrjiaCHO yTBep>K/];eHHK) [§ 3|5.2l OCymeCTBHMO HHCJIO 5 G M"*", yflOBJICTBOpH- 

romee cooTHomcHHio 

(3) (VA: G [1, n]) (Vx, x' G m{K)) {px{x, x') < 6) D {\ipk{f{x)) - Mf{x'))\ ^ e/3). 

C flpyroft CTOpOHbl, ^JIH HPOHSBOJIBHO (JjHKCHpOBaHHOft TOHKH X G dyt{K) OCymeCTBHM HHflCKC k G [l,Tl] CO 
CBOHCTBOM 

(4) py(/(x),a)<e/3. [©] 

Tor^a flJIH JII060H TOHKH x' G dJt{K), y^OBJICTBOpHIOmeH yCJIOBHK) Px{x, x') < 5^ BbinOJIHHKJTCH COOTHOmeHHH 

py(/(x),/(x')) ^ PY{f{x)Xk)+PY{Qk,f[x')) 

= 2pY{f{x), Ck) + IMfix')) - Mf{^))] [©] 

TCM CaMbIM, BbinOJIHHeTCH COOTHOmeHHC 

(Vx, x' G m{K)) {px{x, x') < (5) D (py (/(x), f{x')) < e). 

BbHfly HpoHSBOJibHOCTH HpoHSBefleHHoro panee Bbi6opa KOMnaKTa K G ©c(X) h nncjia e G M^, nojiyHeHHbift 
pesyjibTaT osnanaeT jiOKajibnyio paBHOMepnyio nenpepbiBHOCTb 4)yHKD;HH /. □ 
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